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Stress Intensity Factor Analysis of Interface

Crack using Boundary Element Method*
(Application of Virtual Crack Extension Method)

Noriyuki MIYAZAKI**, Toru IKEDA**,
Toshihiro SODA** and Tsuyoshi MUNAKATA**

This paper presents a new method for stress intensity factor analysis of a two-
dimensional interface crack between dissimilar materials. In the present paper, the
virtual crack extension method which is a powerful tool for evaluating the stress
intensity factor is combined with the boundary element method. A stress analysis is
carried out using the boundary element method, and then virtual finite elements are
assumed around a crack tip. The nodal displacements of these virtual finite elements
are evaluated as internal points of a boundary element analysis. At first, we applied the
present method to a center-cracked homogeneous plate under tension. Furthermore,
we analyzed a bimaterial plate with a center interface crack and a bimaterial plate
with a center slant interface crack subjected to tension. In such mixed mode problems,
the M,-integral was applied to the mode-separation to obtain the individual mode
stress intensity factors. It is found from these analyses that the present method gives
very accurate results whose accuracy is insensitive to the size of virtual finite elements.
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1. Introduction

Interface structures can be seen in various engi-
neering fields such as those dealing with composite
materials, adhesive joints and electrical components.
From a viewpoint of the structural integrity of such
interface structures, the assessment of interface frac-
ture is very important, because the origin of fracture
in such structures is usually on the interface between
dissimilar materials.

Williams" pointed out the oscillation of the
stress in the immediate vicinity of an interface crack
tip, and Rice and Sih® proposed the stress distribu-
tions near an interface crack tip. The estimation
methods for actual interface structures using the finite
element method have been investigated by many
authors. Yau and Wang® analyzed mixed mode stress
intensity factors using the M,-integral which was
extended from the J-integral. Also, Matos et al.)
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obtained the stress intensity factors using the virtual
crack extension method in conjunction with the princi-
ple of the M,-integral, and Sun and Jih® proposed the
application of the crack closure integral method to an
interface crack. In the former two methods, the stress
intensity factors of the individual fracture modes can
be obtained, but in the latter one, mode-separation is
impossible,

On the other hand, Yuuki and Cho® proposed an
extrapolation method using the displacement field
near a crack tip obtained from a boundary element
analysis to determine the stress intensity factors of a
bimaterial interface crack. Their method provides
mixed mode stress intensity factors.

In previous papers™®, the present authors
applied the virtual crack extension method to stress
intensity factor analysis using the combination of the
boundary element method and the finite element
method. In this method, finite elements were allocated
only around the vicinity of a crack tip, and boundary
elements were used to discretize the rest of a struc-
ture.

In this paper, extending the above method, we
propose a new method for calculating the stress inten-
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sity factors, in which virtual finite elements whose
nodal points consist of the internal points and the
boundary nodes of a boundary element analysis, are
allocated around a crack tip instead of actual finite
elements and the virtual crack extension method is
applied to calculating the stress intensity factors. We
will also show the effectiveness of the present method
combined with the Mi-integral for the mixed mode
stress intensity factor analysis of a bimaterial inter-
face crack.

2. Stress Intensity Factors of a Bimaterial Inter-
face Crack

For the coordinate system shown in Fig. 1, the
stress distributions around the interface crack tip
along x,=0 are given by Rice and Sih® as follows.

022( v, 0)=—J2‘17{K’(a) cos[d ln(_?>:|

—Ku(a)sin[af 1n(—72>]} (1)
oulr, 0= Ki(a) sin] 1o 7
+Kn(a)<:08[a 1n<—7)]} (2)

where « is a bimaterial constant defined as

1 X 1 x; 1

a=ge | () ()]

x:{ 3—4y; (Plane strain)

73—/ + ;) (Plane stress), (=1, 2)

(3)

where ¢ and v are the shear modulus and Poisson’s
ratio, the subscripts 1 and 2 denote the quantities
relevant to the materials 1 and 2, and / denotes an
arbitrary length to normalize the distance ». K; and
Ky in Egs. (1) and (2) are regarded as the stress
intensity factors for modes I and II of a bimaterial
interface crack. The quantity / should be taken as a
fixed value even for different crack lengths in estimat-
ing the fracture toughness of a bimaterial interface
crack, but in this paper we take / as the crack length
2a because of the convenience of normalizing the
stress intensity factors. The reason for taking / as a
fixed value in estimating an actual interface crack is

R 2
Ei, Vi
{
Crack /{
X
E2, V1 E\ Ei;Young's modulus

Vi,Vi;Poisson's ratio

Fig. 1 The polar coordinates of a interface crack
between dissimilar materials
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discussed in another paper®.
The stress intensity factors are correlated with
the energy release rate G by the following equa-
tions"?,
G=pB(K}+K?)
f= 1 I_X1+1+X2+1:|
16 cosh? (am) | (e

(4)

3. Numerical Analysis of a Bimaterial Interface
Crack

3.1 The virtual crack extension method

The energy release rate G is obtained by the

virtual crack extension method as follows"".
Nr .

6=—(50 )= g Bur (5)
where U is the potential energy of the body, Nr is the
number of finite elements, in which stiffness changes
due to the virtual crack extension, u; and k: denote
the nodal displacement vector and stiffness matrix of
the element 7, respectively, and the superscript T
denotes the transpose of a vector. The differentiation
of k; with respect to crack length « is carried out by
a small virtual crack extension.

3.2 Virtual finite element

In the usual application of the virtual crack exten-
sion method, displacement data are obtained from a
finite element analysis and the energy release rate is
calculated by a post processor of the virtual crack
extension method as illustrated in the left side of
Fig. 2.

In the method proposed here, we assume the
virtual finite elements around the crack tip as shown
in Fig. 3, whose nodes consist of the internal points
and the boundary nodes of a boundary element analy-
sis. The displacements of the internal points and the
boundary nodes are obtained from the boundary ele-
ment method. Then, the energy release rate is calcu-
lated using the same post processor for the finite
element method as illustrated in the right side of

Finite Boundary
Element Element
Method Method

Displacement Displacement
Data Data

l 1

Post Processor
(Virtual Crack Extension Method)

Energy Release Rate

Fig. 2 The process of the virtual crack extension method
in the cases of BEM and FEM
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Fig. 2.
3.3 An analysis of a bimaterial interface crack
using the virtual crack extension method

Unlike crack problems in homogeneous bodies, a
bimaterial interface crack always induces both open-
ing and sheering behavior even for single-mode load-
ing. Thus it is necessary to evaluate each fracture
mode of the stress intensity factor in order to charac-
terize the behavior of a bimaterial interface crack. In
this paper, the individual modes of stress intensity
factors are obtained using the improved virtual crack
extension method which was proposed by Matos et
al.. This method is based on the principle of M-
integral proposed by Yau and Wang®. The concept of
this method is briefly explained in the following sec-
tion.

Consider two independent equilibrium states with
field variables denoted by the superscripts (1) and
(2) for the virtual finite elements region in an elastic
body with an interface crack. The superscript (1)
indicates the problem to be analyzed and the super-
script ( 2) indicates the equilibrium state whose field
variables and stress intensity factors are already
known. The superposition of the two equilibrium
states leads to another equilibrium state (1+2). The
fields of stress and displacement of the superposed
state can be written as

(1+2) — (1) 3 1.(2)

s (6)
where u and o denote the displacement vector and the
stress tensor respectively. The stress intensity factors
can also be superposed.

K}1+2)=K1(1)+Kl(2)

KA =Kip 1 KiP (7)
By correlation of Eq.(7) with Eq.(4), the energy
release rates of the state (1+2) are obtained as fol-
lows.

G(1+2)=’8[(Kl(1+2))2+(KI(IH—Z))Z]

=G+ GO+ 28K KPP+ KIPKP]
Therefore,
2B[KIVKP+ KIPKP1= G- GP—G®  (9)

(8)

Boundary

7

Virtual
Finite Element |

Element

Fig. 3 Virtual finite elements around a crack tip
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In Eq.(9), 8, Kf?, K and G? are already known,
and G and G"*? are obtained from Eq.(5) using u"
and u"*? as follows.

Nr . N
GU=— 1@ ARey  (i=1,142) (0)

The asymptotic solutions of the stress and displace-
ment around an interface crack tip, which are shown
in the Appendix, were used as the field variables of the
known equilibrium state (2) in the present analysis.
Considering Kf?=1 and K/?=0, we obtain K" from
Eq.(9) as

KP=(G"?—-GP~G®) /28 11)
where the energy release rates G'*? and G* are
evaluated using K?=1 and K#=0. If K¥=0 and
Ki{P=1, the following equation can also be obtained
from Eq.(9).

KP=(G"? -GV —-G®)/28 (12)
where G"*? and G® are evaluated using K{®=0 and
K{P=1. Therefore, we can obtain the individual
modes of stress intensity factors.

4, Numerical Results

4.1 A crack in a homogeneous material

The center cracked rectangular plate under uni-
form tension shown in Fig. 4 was analyzed for examin-
ing the reliability of the proposed method, in which the
virtual crack extension method was applied to the
virtual finite elements allocated around a crack tip,
using the displacements obtained from a boundary
element analysis. The stress intensity factor analyzed
for the case of a/W=0.5 is normalized as F;
=K;/(oo/ma), which is compared with Isida’s solu-
tion?,

Two types of crack extension schemes were
examined. In the first type, the crack was extended by
distorting the elements around the crack tip as shown
in Type 1 of Fig.5. In another type, the crack was
extended by rigidly moving the core of elements
around the crack tip and distorting the elements
around this core as illustrated in Type 2 of Fig.5.

In order to study the effects of the element size

Jo KC 2
A ALA A
A

3{ I T
RERRE]
Oo

Fig. 4 A center cracked rectangular plate under uniform
tension
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near the crack 'tip on the accuracy of the stress inten-
sity factor, analyses were carried out for various sizes
of the virtual finite element around the crack tip, that
is, m/a=0.5, 0.2, 0.1 and 0.05. Two examples of bound-
ary element meshes for the cases of m/a=0.5 and 0.2
are shown in Fig. 6. The usual quadratic boundary
elements with three nodes and two types of crack tip
boundary elements were used in these analyses. One
type of crack tip element, Type A, is made by shifting
its mid-node to the quarter-point of the element as
shown in Fig. 7, and the other one, Type B, is also
made by shifting the mid-node as in Type A and by
multiplying the shape function of traction by the
following function expressing the traction singularity

of /7,
x(r>=717[1—72(1—ﬁ;)] (13)

where /. is the length of the crack tip element and »

Type 2

Fig. 5 Crack extension schemes

(]
p

® o 0o 06 0 0o 0 0o
° ° ° (] (4
<> © 000000 (> 000000000
° ° ¢ 208080000 ¢
o—eSo—o- 0+-0+-8:88-8e8 0004
m/a=0.5 m/a=0.2

Fig. 6 Examples of the boundary element mesh

Crack
! N
8@-@-@—6—6—&

A Boundary
Element

Fig. 7 Crack tip element
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is the distance from the crack tip. Both the elements
can express the variation of the displacement around
the crack tip which is proportional to v#, but only the
Type B crack tip element can represent the singular-
ity of the traction. Results of analysis under the
conditions mentioned above are shown in Table 1. It
can be seen from this table that the Typel crack
extension scheme affects the accuracy of the results,
while the Type2 scheme provides very accurate
results. In the case of the Type 2 scheme, the results of
this analysis are not sensitive to the size of the bound-
ary elements and the virtual finite elements around the
crack tip. For example, the errors were very small
even when extremely coarse mesh m/a=0.5 was used.
An accurate stress intensity factor can be obtained
using either Type A or Type B crack tip elements.
The Type A crack tip element is recommended
because of its simplicity. The results are omitted here,
but in other cases of crack length, /W =0.1~04, 0.6
and 0.7, the results obtained using the Type 2 crack
extension scheme and Type A crack tip element
agreed very well with Isida’s. For all cases presented
here, we chose da as 1078/ or so, because the accuracy
of the result is almost insensitive to the crack exten-
sion value.
4.2 The stress intensity factors of a bimaterial
interface crack
Several bimaterial interface crack problems were
analyzed here. According to the guideline for homoge-
neous crack problems, we chose the Type 2 crack
extension scheme and Type A crack tip element.
Unlike a crack in a homogeneous material, the direc-
tion of the shear stress around a crack tip has a

Table 1 Normarized stress intensity factor of a center
cracked rectangular plate under uniform tension

(a/W=0.5)
Type of mja
crack
extension 0.5 0.2 0.1 0.05
scheme

Type A crack tip element

Type 1 1.365 1.355 1.351 1.349
(+2.3%) | (+1.6%) | (+1.3%) | (+1.1%)

Type 2 1.331 1.334 1.333 1.333
(-0.2%) | (0.0%) | (-0.1%) | (-0.1%)

Type B crack tip element

Type 1 1.368 1.361 1.357 1.354
(+2.5%) | (+2.0%) | (+1.7%) | (+1.5%)
Type 2 1.330 1.333 1.333 1.333
(-03%) | (-0.1%) | (-0.1%) | (-0.1%)

( ): Relative error between present solution and Isida’s.
Isida's solution: F=1.334 for a/W=0.5.
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Table 2 Normalized stress intensity factors of a bimaterial plate
with a center interface crack under uniform tension

a/W
r
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Present | F, 1.006 1.025 1.059 1111 1.188 1.305 1.490 1.818 2.582
solution
1.0 -—--
Isida's F, 1.006 1.025 1.058 1.109 1.187 1.303 1.488 1.816 2.578
solution
Present F, 1.001 1.020 1.053 1.104 1.181 1.296 1.478 1.799 2.546
solution | F, -0.072 -0.071 -0.071 -0.073 -0.077 | -0.085 | -0.100 | -0.131 ] -0.214
2.0 -
Yuuki's F, 0.996 1.019 1.053 1.104 1.180 1.294 1.477 1.798 2.546
solution | F, -0.072 ~-0.071 -0.072 -0.073 | -0.078 | -0.085 | -0.100 | -0.131 | -0.214
Present F, 0.993 1.012 1.045 1.096 1.171 1.284 1.461 1.774 2.496
solution | F, -0.107 | -0.106 | -0.106 | -0.109 | -0.115 | -0.127 | -0.148 | -0.193 | -0.315
3.0 -
Yuuki's F, 0.989 1.011 1.045 1.096 1.170 1.283 1.459 1.773 2.499
solution | F, -0.108 | -0.106 -0.107 | -0.110 | -0.116 | -0.127 | -0.149 -0.193 | -0.315
Present F, 0.987 1.006 1.039 1.089 1.163 1.273 1.446 1.752 2.460
solution | F, -0.129 | -0.127 | -0.127 | -0.130 | -0.137 | -0.150 | -0.176 -0.227 | -0.368
4.0
Yuuki's F, 0.983 1.005 1.038 1.088 1.162 1.272 1.445 1.751 2.460
solution | F, -0.129 -0.127 | -0.127 | -0.131 -0.137 -0.151 -0.176 -0.229 | -0.369
Present | F, 0.968 0.986 1.018 1.066 1.136 1.239 1.402 1.686 2.341
solution | F, -0.174 | -0.171 -0.170 | -0.173 -0.182 -0.198 -0.229 -0.293 | -0.467
10.0 -
Yuuki's F, 0.963 0.985 1.018 1.065 1.134 1.238 1.400 1.684 2.339
solution | F, -0.173 | -0.170 | -0.171 -0.174 -0.183 -0.199 -0.230 -0.295 | -0.472
Present F, 0.946 0.964 0.994 1.039 1.104 1.201 1.351 1.612 2.213
solution | F, -0.206 | -0.201 -0.200 | -0.203 -0.210 -0.228 | -0.260 -0.327 | -0.514
100.0 -
Yuuki's F, 0.940 0.962 0.994 1.038 1.104 1.201 1.349 1.610 2.209
solution | F, -0.205 | -0.201 -0.201 -0.203 -0.211 -0.228 | -0.260 | -0.328 | -0.519
456 , Ve
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Fig. 8 A bi-material plate with a center interface crack
under uniform tension

significant meaning for the fracture of a bimaterial
plate with an interface crack. Thus we define the sign
of the mode II stress intensity factor K as follows.
The sign of K; is determined for the coordinate
system shown in Fig.1 where E: = E,, and the sign of
K, is changed when E:< E,.

4.2.1 A bimaterial plate with a center interface
crack The first example is a bimaterial plate with
a center interface crack under uniform tension as

Series A, Vol. 36, No. 1, 1993

Fig. 9 A boundary element mesh of a bi-material plate
with a center interface crack (a/W=0.5)

illustrated in Fig. 8. Considering the symmetry of the
problem, the right half of the plate was modelled by
the boundary elements. Analyses were carried out for
the various ratios of Young’s moduli I'(=E,/E;) and
the various values of crack length /W under the
plane stress condition and v1=v,=0.3. An example of
the boundary element model is shown in Fig. 9. The
stress intensity factors obtained from the analyses are
normalized as F1=K1/(O‘uf7?d—), FIIZKII/(O'OW).

The results obtained from the present analyses
are compared with Isida’s solutions"? only for the
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case of I'=1.0 and Yuuki and Cho’s solutions® for
other cases, as shown in Table 2. The present solu-
tions agree well with Isida’s and Yuuki and Cho’s. It is
confirmed from these results that the virtual crack
extension method combined with the boundary ele-
ment method proposed in this study is very effective
for a stress intensity factor analysis of a bimaterial
interface crack problem.

4.2.2 A bimaterial plate with a center slant
interface crack The second example is a bimater-
ial plate with a center slant interface crack under
uniform tension as shown in Fig. 10. The stress inten-
sity factors were obtained for the various ratios of
Young’s moduli I"=(E:/E>) and several crack angles
6 under the plane stress condition, vi=1,=0.3 and
a/W=0.5. Figure 11 is an example of the boundary
element mesh. All of the results are shown in Figs. 12
and 13, in which the stress intensity factors are nor-
malized the same way as in the case of a bimaterial
plate with a center interface crack. It can be seen that
the normalized mode I stress intensity factor F; of the
right side crack tip increases gradually but that of the
left side crack tip decreases with the increase of I.

KX 2
AALA NS
i, v H=2W
= af W=0 .5
Y
\\ X
- Ei1, W2
wo| W
W\y\yv Oo

Fig. 10 A bi-material plate with a center slant interface
crack under uniform tension

N 2

¥

Fig. 11 Boundary element mesh of a bi-material plate
with a center interface crack (9=45°)
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The normalized mode II stress intensity factor Fi for
the right side of the crack tip has a sign opposite to
that for the left side of the crack tip. The absolute
value of Fi; of the right side crack tip decreases and
that of the left side increases with the increase of I.
In contrast to a crack in a homogeneous material,
both crack tips have different stress intensity factors
for interface cracks between dissimilar materials. It is
interesting how this fact has an effect on the fracture
behavior of a bimaterial interface crack.

5. Conclusions

(1) From several examples, it is confirmed that
the virtual crack extension method combined with the
boundary element method using the concept of the
virtual finite element can be effectively applied to
stress intensity factor analyses.

(2) The accurate stress intensity factors are
obtained using the present method even when a coarse
mesh around a crack tip is used.

(3) The present method combined with the M-
integral provides accurate mixed-mode stress inten-
sity factors for an interface crack between dissimilar
materials.

(4) The post processor of the virtual crack

vy — Ty ——rrrr
/1 5°R
- 1+ 15 . 4
o 30 =3
L °R ]
L 459 ]
60°R )
[ 60°L ]
aad A b g aaal N et sl
0™ 10 100
r -
Fig. 12 Mode I stress intensity factor of a bi-material
plate with a center slant interface crack
(R : Right side tip of the crack, L : Left side tip
of the crack)
i v T T
F 60°R
Tt
£ OF
:- & ; X -:
: 30T %45"'.3 ]
—1G P | PSR |
1 10 100
r -l

Fig. 13 Mode II stress intensity factor of a bi-material
plate with a center slant interface crack
(R : Right side tip of the crack, L: Left side tip
of the crack)
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extension method proposed in the present study is
applicable to both the boundary element method and
the finite element method.

Appendix

The following are the asymptotic solutions of
stresses ¢; and displacements #{® for an interface
crack between dissimilar materials, which hold in the
vicinity of a crack tip in the polar coordinate system
shown in Fig.7.

(o);=M{Ki[ fliws—(1/w;) cos(6 — O)]

'+‘Ku[f1’11 w;—(l/cw) Sin(ﬁ‘“ @)]} (14)

(622);= M Ki [ flow;+ (1 Jw;) cos(8— ©)]

+ Kulf# w;+ (1 /w;) sin(8 — ©)]} (15)

(612)=M{ K, fow;— (1 Jw;) sin(8 — 0)]

+ Kul A w;+ (1/w;) cos(6 — ©)} (16)

(1);= MoA Ki [ x50 81— (1 ;) Iz + w3hrs)

+ Ku[x,i(ujhm —(1/w;) hoa+ Cl)jhza]} a7

(t02) ;= Mo{ K[ x50 21 — (1 | ;) oz — 23]

+ Kul[ — x50+ (1 jw;) b+ w;hs] (18)

M :__M____._l—___
" 9277 cosh (ar)
M, Vinr

~ 4y, cosh(arn)

o=z 0| (o) G )

O=a ln(—?—) +g
i { 3—4y; (Plane strain)
7 W3—v)/(A+vy;) (Plane stress), (j=1, 2)

#;=Shear modulus
v;=Poisson’s ratio

w1=e~a(n~8)’ a)zzea(rH-B)

fhi=3 cos @+2asin 6 cos(§+ O@)—sin 8
sin(8+ ®)

fif=—3sin ®—2asin  sin {8+ O)—sin 6
cos(6+ @)

fh=cos ©®—2asin § cos(8+ @)+sin § sin(8+ @)
H=—gin @+2asin 6 sin(d+ O)
+sin 8 cos(8+ ®)
f=2asin 8 sin(§+ O)+cos 6 sin(+ O)

4 =2asin 8 cos(8+ @)+cos 0 cos(d+ ®)
hi=[cos(§— @)—2asin(§— O)]/(1+4a>)
h2=[cos @+2asin @]/(1+4d°
hiz=sin 6 sin @
ha=[sin (§— @) +2a cos(§ — ©)]/(1+4d>)
h=[—sin ®+2a cos O]/(1+4a%)
has=sin 6 cos @

where the subscripts j(j=1,2) indicate respective

materials comprising the bimaterial plate.

(1)

(2)

(3)

(4)

(5)

(7)

(8)

(9)

(10)

(11)

(12)

(13)
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