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WilliamsĜ2|�Kç�[1]�
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N : �¥c2|�Ĝu�

Cm : įīľłķľĻłıł 
üùH-integralĩ ĀĖÔ·�

k : �vĜ±ô,  r : �¥�ăĥĜÜì�

[1] Munz et al., Engineering Fracture Mechanics, Vol. 44, (1993), pp. 185-194.�

ui
k = Cmr

λmgi
mk θ,φ( )

m=I

N

∑



~¬³Ĝ�Ĩ�

σ ij
k = Cmr

λm−1 fij
mk θ,φ( )

m=I

N

∑

ui
k = Cmr

λmgi
mk θ,φ( )

m=I

N

∑

�¥b!ķľĻłıł�

λm :"�¥c2|��

fij
mk(θ,φ), gi

mk(θ,φ) : 2|èu 

Cm : įīľłķľĻłıł 

 
Step.1  �¥c2|�λĩ�ġħ 
 
 
Step.2  2|èuĩC¿Ďħ 
 
 
Step.3  H-integralěĤĦįīľł 
            ķľĻłıłĩÔ·Ďħ 
 

[1] Munz et al., Engineering Fracture Mechanics, Vol. 44, (1993), pp. 185-194.�

WilliamsĜ2|�Kç�[1]�



~¬³Ĝ�Ĩ�

σ ij
k = Cmr

λm−1 fij
mk θ,φ( )

m=I

N

∑

ui
k = Cmr

λmgi
mk θ,φ( )

m=I

N

∑

�¥b!ķľĻłıł�

λm :"�¥c2|��

fij
mk(θ,φ), gi

mk(θ,φ) : 2|èu 

Cm : įīľłķľĻłıł 

 
Step.1  �¥c2|�λĩ�ġħ 
 
 
Step.2  2|èuĩC¿Ďħ 
 
 
Step.3  H-integralěĤĦįīľł 
            ķľĻłıłĩÔ·Ďħ 
 

[1] Munz et al., Engineering Fracture Mechanics, Vol. 44, (1993), pp. 185-194.�
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[1] Pageau et al., International Journal for Numerical Methods in Engineering, Vol. 38, (1995), pp. 2225-2239.�
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[1] Pageau et al., International Journal for Numerical Methods in Engineering, Vol. 38, (1995), pp. 2225-2239.�



"
"
"
"
"

!
b!Ł<�7Ĝ�Q\�ĩÉČņ�¥�ăĥĜÜì÷r ě�AČĚĀ!

"
"
"
�

f m θ,φ( ) = D[ ] λmBia +Bib( )Ui
i=1

8

∑
"

#
$

%

&
'

�¥c2|�Ĝ|éÍ»Ò�[1]ĤĦ 

"
"
"
�

Step.2  2|èuĩC¿Ďħ!

σ m = am
1
r0
ρλm−1 D[ ] λm Bia[ ]+ Bib[ ]( )Ui

i=1

8

∑
#

$
%

&

'
(

WilliamsĜ2|�Kç�[2]ĤĦ 

gm θ,φ( ) = HiUi
i=1

8

∑
"

#
$

%

&
'

[1] Pageau et al., International Journal for Numerical Methods in Engineering, Vol. 38, (1995), pp. 2225-2239.�
[2] Munz et al., Engineering Fracture Mechanics, Vol. 44, (1993), pp. 185-194.�
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BettiĜª'C��

ü÷üüüüü�
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ü÷üüüüü�

GaussĜ¦tC�"

ŅÿĦøË"7Ĝ�!ŅĚČ→Ò�FÙĜ��

Step.3  H-integralěĤĦįīľłķľĻłıłCmĩÔ·Ďħ!

ò5V�

�¥�"

σ ijεij
* −σ ij

*εij( )V∫ dV = σ ijui, j
∗ −σ ij

∗ui, j( )dVV∫ + siui
∗ − si

∗ui( )dVV∫ = 0

σ ijui
∗ −σ ij

∗ui( )nj dSS∫ + siui
∗ − si

∗ui( )dVV∫ = 0

µ1¤¨Ĝb!Ąµ2¤¨Ĝ<�ěĎħ
�ĝņ!
µ2¤¨Ĝb!Ąµ1¤¨Ĝ<�ěĎħ
�Ę¶ČĀ!

σij :b!, ui :<�, si :��!�



Step.3  H-integralěĤĦįīľłķľĻłıłCmĩÔ·Ďħ!

Ë"7ĝ
e÷ù ϑ*= 0!

�b!/óėĜBettiĜª'C��

Body force analogy[1]ĩ ĀĖ�T�QĜ
A3ČĚĀb!7ě¾ąqĂħ!

[1] Boley B.A., Weiner J.H., Wiley : New York, (1962).�
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ϑ   : �T�Q 
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σ ijui
∗ −σ ij

∗ui( )nj dSS∫ + βij ϑεij
∗ −ϑ *εij( )dVV∫ = 0

GaussĜ¦tC�ĩ ĀĖ�²�ě<q�
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Step.3  H-integralěĤĦįīľłķľĻłıłCmĩÔ·Ďħ!
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�����Çå/óĜH-integral�

H = σ ijui
∗ −σ ij

∗ui( )dSrSr
∫
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+2|�ĉĘěÕ�ĎħaÍĄÿħ�

Step.3  H-integralěĤĦįīľłķľĻłıłCmĩÔ·Ďħ!
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Ł %^rĜï²(=�) 
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Ò�FÙ� Ë"7�

�¥cĩª�ĎħĒġ÷λ →-λ-1 ĘĎħ[1][2] 
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Ë"7ĩĈĜĤāěãhĎħĈĘěĤĦņH-integralĜ 
OÞĝįīľłķľĻłıłĘ¶ČĆĚħĈĘĄHăĨħ�

[1] Lee et al., Journal of the Mechanics and Physics of Solids, Vol. 51, (2003), pp. 825-850.�
[2] Koguchi et al., International Journal of Solids and Structures, Vol. 51, (2004), pp. 2908-2919.�

H = σ ijui
∗ −σ ij

∗ui( )dSrSr
∫ = lim

ε→0
σ ijui

* −σ ij
*ui( )Sε

∫ njdSε =Cm



1
CI

∗

€ 

σ ij
k = Cmr

λm−1 f ij
mk θ ,φ( )

m= I

N

∑

€ 

ui
k = Cmr

λm gi
mk θ ,φ( )

m= I

N

∑ λI < λII < λIII 
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ú�vĄĘĢě¶xc�v 
    Ĝ7, 
û©�¥xc�vĘ&wz 
    º�vĜo,�Ĝ7, 

Ò����

¥±�o,ÑäļĴŀ 
ŁļĴŀ\�!
üW = T = 2.0 mm!
üL = w = t = 1.0 mm!
ŁFEMÒ���!
üσxx0 = 50.0 MPa!
ü¸�u÷: 390,959!
üÍ»u :   94,000!
ü{IĻĳĮĽĭĪİ: 0.001 mm!

�����Çå/ó 

����b!/ó 

ŁļĴŀ\�!
üW = T = 2.0 mm!
üL = w = t = 1.0 mm!
ŁFEMÒ���!
üϑ0 = 100 ℃!
ü¸�u÷: 390,959!
üÍ»u :   94,000!
ü{IĻĳĮĽĭĪİ: 0.001 mm!

 
ú�vĄĘĢě¶xc�v 
    Ĝ7, 
û´xzº�vĘ�xzº 
    �vĜo,�Ĝ7, 

2±ôĜÒ� 

2±ôĜÒ� 



Ò�¼�ü��Çå/ó_ú�vĄĘĢě¶xc�vĜ7,�

Ò�¼� (Í»u = 2000)�

Material 1� Material 2�

Young’s 
modulus 

0.726� 72.6�
E (GPa)�

Poisson’s 
ratio 0.3� 0.3�
ν�

Eigenvalues�
λIII*� λII*� λI*� λI� λII� λIII�

-1.9983� -1.9969� -1.6198� 0.6198� 0.9969� 0.9983�

Scalar 
parameter�

CI� CII� CIII�

10.7743� -0.0014� 2.2217�

Integrated 
values�

l = I, 
m = II�

l = I, 
m = III�

l = II, 
m = I�

l = II, 
m = III�

l = III, 
m = I�

l = III, 
m = II�

1.19×10-9� 1.49×10-8� 2.25×10-9� 6.38×10-6� 5.45×10-9� 2.39×10-6�

θ = 5π/12, φ = π/4ėĜ�ßÒĘFEM¼�Ĝ�Ý�

�vCu�

¥±�o,ÑäļĴŀ�

�ßÒ" WilliamsĜ2|�Kç� 

σ ij
k = Cmr

λm−1 fij
mk θ,φ( )

m=I

N

∑

FEM¼� MSC.MarcěĤĦÔ· 



Ò�¼�ü��Çå/ó_ú�vĄĘĢě¶xc�vĜ7,ü�

Elements� Eigenvalues� Scalar 
parameter�

180�
λI = 0.6209�
λII = 0.9971�
λIII = 0.9986�

CI = 10.799�
CII = -0.0003�
CIII = 2.5381�

320�
λI = 0.6204�
λII = 0.9969�
λIII = 0.9984�

CI = 10.796�
CII = 0.0012�
CIII = 2.3079�

500�
λI = 0.6202�
λII = 0.9969�
λIII = 0.9984�

CI = 10.777�
CII = 0.0029�
CIII = 2.2703�

720�
λI = 0.6200�
λII = 0.9969�
λIII = 0.9984�

CI = 10.787�
CII = 0.0022�
CIII = 2.2291�

1280�
λI = 0.6�99�
λII = 0.9969�
λIII = 0.9983�

CI = 10.782�
CII = -0.0021!
CIII = 2.2290�

2000�
λI = 0.6198�
λII = 0.9969�
λIII = 0.9983�

CI = 10.774�
CII = -0.0014�
CIII = 2.2217�

¸�<�Ĝ�Ï$�

 
gi
mk θ,φ( )

2
dS∫

γ dS∫
=1         → γ = 0.001 

Í»uĘ�¥c2|�Ĝè��

Í»uĘįīľłķľĻłıłĜè��



Ò�¼�ü��Çå/ó_û©�¥xc�vĘ&wzº�vĜo,�Ĝ7,�

Ò�¼� (Í»u = 2000)�

Material 1 
(Aragonite)�

Material 2 
(GSO)�

C11 (GPa)� 160� 223�
C12 (GPa)� 36.6� 108�
C13 (GPa)� 1.97� 98.5�
C15 (GPa)� 0� 8.4�
C22 (GPa)� 87� 150�
C23 (GPa)� 15.9� 102�
C25 (GPa)� 0� 33.3�
C33 (GPa)� 85� 251�
C35 (GPa)� 0� -6�
C44 (GPa)� 41.3� 78.8�
C46 (GPa)� 0� 6.6�
C55 (GPa)� 25.6� 68.8�
C66 (GPa)� 42.7� 82.7�

Eigenvalues�
λIII*� λII*� λI*� λI� λII� λIII�

-1.9275� -1.8385� -1.4879� 0.4879� 0.8385� 0.9275�

Scalar 
parameter�

CI� CII� CIII�

0.0463� -0.1024� 0.5272�

Integrated 
values�

l = I, 
m = II�

l = I, 
m = III�

l = II, 
m = I�

l = II, 
m = III�

l = III, 
m = I�

l = III, 
m = II�

6.55×10-7� 1.30×10-7� 3.34×10-7� 7.88×10-7� 7.66×10-7� 4.00×10-7�

θ = π/4, φ = π/4ėĜ�ßÒĘFEM¼�Ĝ�Ý�
�vCu�

¥±�o,ÑäļĴŀ�



Ò�¼�ü��Çå/ó_û©�¥xc�vĘ&wzº�vĜo,�Ĝ7,ü�

Elements� Eigenvalues� Scalar 
parameter�

180�
λI = 0.4915�
λII = 0.8386�
λIII = 0.9276�

CI = 0.0468�
CII = -0.1010�
CIII = 0.5266�

320�
λI = 0.4901�
λII = 0.8385�
λIII = 0.9275�

CI = 0.0466�
CII = -0.1012�
CIII = 0.5256�

500�
λI = 0.4893�
λII = 0.8385�
λIII = 0.9274�

CI = 0.0465�
CII = -0.1011�
CIII = 0.5271�

720�
λI = 0.4888�
λII = 0.8385�
λIII = 0.9274�

CI = 0.0465�
CII = -0.1016�
CIII = 0.5252�

1280�
λI = 0.4882�
λII = 0.8385�
λIII = 0.9274�

CI = 0.0464�
CII = -0.1022�
CIII = 0.5272�

2000�
λI = 0.4879�
λII = 0.8385�
λIII = 0.9275�

CI = 0.0463�
CII = -0.1024�
CIII = 0.5272�

¸�<�Ĝ�Ï$�

 
gi
mk θ,φ( )

2
dS∫

γ dS∫
=1         → γ = 0.001 

Í»uĘ�¥c2|�Ĝè��

Í»uĘįīľłķľĻłıłĜè��



Ò�¼�ü�b!/ó_ú�vĄĘĢě¶xc�vĜ7,�

Ò�¼� (Í»u = 2000)�

Material 1� Material 2�

Young’s 
modulus 0.726� 72.6�
E (GPa)�

Poisson’s 
ratio 0.3� 0.3�
ν�

CTE.�
1.0� 10.0�

α(×10-6/℃)�

Eigenvalues�
λIII*� λII*� λI*� λI� λII� λIII�

-1.9983� -1.9969� -1.6198� 0.6198� 0.9969� 0.9983�

Scalar 
parameter�

CI� CII� CIII�

0.6614� 2.535×10-5� -1.1798�

Integrated 
values�

l = I, 
m = II�

l = I, 
m = III�

l = II, 
m = I�

l = II, 
m = III�

l = III, 
m = I�

l = III, 
m = II�

2.36×10-9� 6.82×10-9� 8.94×10-10� 1.02×10-6� 1.12×10-9� 5.70×10-6�

θ = π/4, φ = π/4ėĜ�ßÒĘFEM¼�Ĝ�Ý��vCu�

¥±�o,ÑäļĴŀ�

>JĜ×PĄ�čĖĀħ�



Ò�¼�ü�b!/ó_û´xzº�vĘ�xzº�vĜo,�Ĝ7,�

Ò�¼� (Í»u = 2000)�

Material 1 
(Si)�

Material 2 
(ZnO)�

C11 (GPa)� 165.7� 209.6�
C12 (GPa)� 63.9� 104.6�
C13 (GPa)� 63.9� 120.5�
C22 (GPa)� 165.7� 210.6�
C23 (GPa)� 63.9� 104.6�
C33 (GPa)� 165.7� 209.6�
C44 (GPa)� 79.56� 42.3�
C55 (GPa)� 79.56� 44.55�
C66 (GPa)� 79.56� 42.3�
α11(×10-6/℃)� 2.55� 4.0�
α22(×10-6/℃)� 2.55� 2.1�
α33(×10-6/℃)� 2.55� 4.0�

Eigenvalues�
λIII*� λII*� λI*� λI� λII� λIII�

-1.8379� -1.7311� -1.4211� 0.4211� 0.7311� 0.8379�

Scalar 
parameter�

CI� CII� CIII�

0.0384� 0.0863� -0.0567�

Integrated 
values�

l = I, 
m = II�

l = I, 
m = III�

l = II, 
m = I�

l = II, 
m = III�

l = III, 
m = I�

l = III, 
m = II�

1.35×10-8� 1.27×10-6� 8.43×10-9� 2.48×10-7� 1.46×10-7� 1.50×10-7�

θ = 3π/4, φ = 5π/4ėĜ�ßÒĘFEM¼�Ĝ�Ý�
�vCu�

¥±�o,ÑäļĴŀ�

>JĜ×PĄ�čĖĀħ�



Ò�¼�ü�b!/ó_�ßÒĘ|éÍ»�Ò�¼�Ĝ�Ý�

�ßÒ" WilliamsĜ 
2|�Kç� 

σ ij
k = Cmr

λm−1 fij
mk θ,φ( )

m=I

N

∑

�b!ñĩ�ÐČĖĀĒ�

�b!ěÛ0ĎħCRñ 

�ěĤħCRñĝ 
IĊĀĒġ�Ð�

CRñĜ]ðĩ�ÐėąĖ 
ĀĚĀĜėĝĚĀăŉ�

ČăČņ>JĜ×PĄ�čĖĀħ 

ú�vĄĘĢě¶xc�v(θ = π/4, φ = π/4)�

û´xz�vĘ�xz�v(θ = 3π/4, φ = 5π/4)�

b!�¥cĄIĊĀ7,ěņ
ĤĦPĄÎĥĨħ 

 
b!�¥cü?�

 
b!�¥cüI�σ ij

k = Cmr
λm−1 fij

mk θ,φ( )
m=I

N

∑ +σ ij0
k

1-λI = 0.3802�

1-λI = 0.5789�



~¦ÉĜ�Ĩ�

•  ¬³ÁyŁ¨§"

•  Ò��Ø"

•  Ò���Ł¼�"

•  ¼Ó"

�



¼Ó�

•  Ô·ěĤĦ`Ē�¥c2|�ĘįīľłķľĻłıłěĤĔĖņo,Ñä
Ĝb!7ĩ�ġĒŇ!

•  H-integralě ĀħË"ÒĘČĖņ-λ-1ĩn ČįīľłķľĻłıłĩ�
ġĒŇ2|�Ą&�Ĝ7,ēćėĚĆÌuA3Ďħ7,ěĕĀĖĢņH-
integralĄįīľłķľĻłıłĘ¶ČĆĚħĈĘĩ®ÖČĒŇ!

•  ĈĨğėįīľłķľĻłıłĝ2|�Ò�Ĝ|éÍ»uĩ9ģĎĈĘ
ė<$ČĖĀĒĄņ2|ĸĬĵŀĩ�Ï$ĎħĈĘěĤĦņ�¿§ěįī
ľłķľĻłıłĜÔ·ĩÈāĈĘĩ)ÂěČĒŇ!

•  Body force analogyĩ ĀĒrÆěĤĦņ�b!/óėĢįīľłķľ
Ļłıłĩ�ġĒŇ�ßÒĘFEM¼�ě>JĜPĄÎĥĨĒĄņ¥±�
o,Ñäė�ě/óĘĚħņ�b!ěĤħĝĆì�ÙĩCæ§ěgāĈ
ĘĄ)ÂĘĚĔĒŇ!

!
•  	_ĜK}ĘČĖņįīľłķľĻłıłėĝYTÕ�6�ĘČĖĝ�â
[ėÿħĒġņb!i?�uĜC¿ĩp�ĎħŇ!

!



fin�ĉ�ÀÿĦĄĘāĉċĀğČĒ�


